We calculate the k-particle (k = 2, 4, 6, 8) azimuthal cumulants resulting from the conservation of transverse momentum. We find that c 2 {k} > 0 and depending on the transverse momenta, c 2 {k} can reach substantial values even for a relatively large number of particles. The impact of our results on the understanding of the onset of collectivity in small systems is emphasized.
I. INTRODUCTION
Relativistic heavy-ion collisions can create an extreme experimental environment with high temperature or high baryon chemical potential that possibly liberates quarks and gluons into a deconfined partonic matter, namely a quark-gluon plasma (QGP) [1, 2] . The Relativistic HeavyIon Collider (RHIC) and the Large Hadron Collider (LHC) have been devoted to investigating the properties of QGP and its transition to hadronic matter. Many experimental results indicate that a strongly interacting partonic matter has been produced in high-energy nucleus-nucleus (A+A) collisions at both RHIC and the LHC [3] [4] [5] . One of the most important experimental observations is the collective flow phenomenon, which is believed to arise from the hydrodynamical evolution of QGP, which can convert the initial geometry fluctuations into the final particle momentum anisotropies [6] [7] [8] . Different experimental methods were invented to measure the coefficients of collective flow v n , e.g., the event plane v n {EP } method, two-particle correlations v n {2}, or multiparticle cumulants v n {k} [9] [10] [11] [12] , which show different sensitivities to flow and non-flow effects [13, 14] . Hydrodynamical models have successfully reproduced the main features of the measured flow coefficients, see, e.g., Refs. [15] [16] [17] [18] [19] [20] . It indicates that a strongly interactive and collective matter has been produced in A+A collisions.
Recent experimental results showed long-range in rapidity (i.e., across a large rapidity gap) azimuthal correlations in high-multiplicity proton-proton (p+p) and proton-nucleus (p+A) collisions. The extracted v n coefficients are comparable to those measured in A+A collisions [21] [22] [23] [24] , see also a recent experimental review [25] . Similar effects were observed in p+Au, d+Au, and 3 He+Au collisions at RHIC [26] [27] [28] , indicating the importance of initial geometry on the observed azimuthal anisotropies. As already envisioned in Refs. [29, 30] these results can be described by hydrodynamical and transport models, see, e.g., Refs. [8, [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , indicating that collective flow also exists in small but dense systems. The more detailed experimental measurements find that the elliptic flow coefficient is smaller in p+p and p+Pb than in Pb+Pb for a given multiplicity at the LHC energy, but it does not seem to turn off at low multiplicities [42, 43] . 1 These features seem to challenge our current understanding of collectivity based on the hydrodynamical picture, since it is expected that hydrodynamics should not be applicable to low multiplicity events, where the initial state effects are expected to be well visible, see, e.g., [45] [46] [47] [48] [49] [50] [51] . See also Refs. [52] [53] [54] [55] for other related ideas.
To shed more light on the low multiplicity collectivity we will explore the effect of transverse momentum conservation (TMC), which is a well-known azimuthal correlation between all produced particles [56] [57] [58] [59] [60] [61] . TMC is an important background in direct flow v 1 measurements, where its influence has to be corrected especially in peripheral A+A collisions [12, 62] , where 1/N corrections due to TMC can be sizable. Therefore, it is essential to explore how TMC influences the elliptic flow coefficients v 2 {k} in small systems, where the multiplicity could be very low and the effect of TMC could be significant. In particular, the presumed long-range character of TMC complicates the interpretation of the subevent cumulant method proposed recently in Refs. [63, 64] .
In this paper we calculate
originating from the conservation of transverse momentum. We also calculate the leading terms of higher order correlation functions [9] [10] [11] [12] 43 ]
, and
, which are directly measured at RHIC and the LHC. If c 2 {k} cumulants are free of non-flow effects, then they can be related to the k-particle elliptic flow coefficients, v 2 {k}, using
We find that TMC results in c 2 {k} > 0 for the calculated k = 2, 4, 6, 8. In addition, c 2 {k} ∼ 1/N k for large N , where N is the number of particles subjected to transverse momentum conservation.
In the next section we present the details of our calculations. Next we discuss the implications of our results and in the last section we give our conclusions.
II. CALCULATION
In our calculations we assume that transverse momentum conservation is the only source of correlations between final particles. By p i we denote the transverse momentum of the i-th particle emitted in a collision. The N particle transverse momentum distribution (normalized to unity) f N with imposed transverse momentum conservation is given by 2
where f ( p) is the single particle transverse momentum distribution and
with the integral taken over the full phase space denoted by F . The details of this calculation can be found in, e.g., Refs. [56, 58, 59, 61] . After integrating out all but k momenta we obtain
which, using the central limit theorem, can be approximated by 3
where
with the integration over the full phase space F .
A. Two particles
For two particles we obtain
where p i = | p i | and φ 1 − φ 2 is the azimuthal angle difference between the two particles. Using
we obtain c 2 {2} at a given p 1 and p 2
where I k (x) is the modified Bessel function of the the first kind. 4 Expanding Eq. (13) in powers of x, I 2 (x)/I 0 (x) ≈ x 2 8 , we obtain
3 See, e.g., Ref. [65] where the influence of TMC on the particle momentum spectra was calculated exactly, i.e., without using the central limit theorem. 4 Additionally, we have c1{2}
Finally, let us calculate the integrated c 2 {2} over a given transverse momentum interval. It turns out that
can be very well approximated by
where p 2 Ω is the average of p 2 in a measured transverse momentum interval denoted by Ω. For not-too-large momenta,x < 1, we obtain
B. Four particles
For four particles we have
To calculate the four-particle correlator at a given transverse momenta p 1 , p 2 , p 3 and p 4
we expand exp (−Φ) in Φ. In the numerator, denoted by U , the first non-vanishing term is given by Φ 4 /24 which gives
and the remaining terms are suppressed by the higher powers of N . In the denominator, denoted by D, we simply have D ≈ 16π 4 resulting in
and using Eq. (2) we find
To obtain this result we replaced N − 2 by N − 4 in Eq. (14) .
C. Six and eight particles
Performing analogous calculations we obtain 5
and
resulting in
III. RESULTS
In this section we plot c 2 {k} for different ranges of transverse momenta. We assume
with T = 0.25 GeV. In this case p F = 2T and p 2 F = 6T 2 . In the left panel of Fig. 1 we present (c 2 {2}) 1/2 , (c 2 {4}) 1/4 , (c 2 {6}/4) 1/6 , and (c 2 {8}/33) 1/8 as a function of the number of particles, N . In this calculation all transverse momenta p i from Eqs. (14, 23, 26, 27) are equal to p 2 1/2 Ω , where Ω is the transverse momentum range of p > 0.3 GeV, typically assumed in experimental measurements. The cumulants originating from transverse momentum conservation are basically inversely proportional to N , which reflects an intrinsic feature of TMC. They absolute magnitudes increase with the order of cumulant due to the larger coefficients present in higher order cumulants, see Eqs. (14, 23, 26, 27) . It is interesting that their signs are consistent with the recent experimental measurement of c 2 {k}, where for the lowest multiplicity events c 2 {k} > 0 [43] .
In the right panel of Fig. 1 we present (c 2 {2}) 1/2 as function of p = p 1 and p 2 = p 2 1/2 Ω for different values of N = 20, 50, and 100. 6 As expected, the influence of TMC on (c 2 {2}) 1/2 is more significant for particles with higher momenta (parabolic dependence) and smaller number of particles N .
In addition, we calculated c 2 {2} using the Monte Carlo methods and obtained practically identical result to this shown in the left panel of Fig. 1 . The purpose of this exercise was to verify that the central limit theorem, assumed in our analytical calculations, does not seriously effect the final results. 5 In this case, the first non-vanishing terms in the expressions analogous to Eqs. (19) and (20) are given by Φ 6 /6! and Φ 8 /8! for six and eight particles, respectively. 6 To be precise, we plot c2{2}(p, p2)/ c2{2}(p2, p2), which for Eq. (14) is equivalent to c2{2}(p, p). 
IV. CONCLUSIONS
In this paper we calculated analytically the multi-particle elliptic flow cumulants originating from the conservation of transverse momentum. 7 We demonstrated that c 2 {k} > 0 (k = 2, 4, 6, 8) in qualitative agreement with the lowest multiplicity data in p+p, p+A and A+A collisions. As expected, the TMC contribution is found to be more significant for particles with higher transverse momenta and for systems with smaller number of particles (due to an intrinsic 1/N effect). Depending on the transverse momenta, (c 2 {k}) 1/k can reach substantial values, of the order of a few percentages, even for a relatively large number of particles. This effect should be taken into account when interpreting the long-range azimuthal correlations in small systems currently measured at RHIC and the LHC.
